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Abstract
The orthogonal decomposition of the Webster curvature provides us
a way to characterize some canonical metrics on a pseudo-Hermitian
manifold. We derive some subelliptic differential inequalities from the
Weitzenbo¨ck formulas for the traceless pseudo-Hermitian Ricci tensor and
the Chern-Moser tensor of Sasakian manifolds with constant pseudo-Hermitian
scalar curvature and Sasakian pseudo-Einstein manifolds respectively. By
means of either subelliptic estimates or maximum principle, some rigidity
theorems are established to characterize Sasakian pseudo-Einstein man-
ifolds among Sasakian manifolds with constant pseudo-Hermitian scalar
curvature and Sasakian space forms among Sasakian pseudo-Einstein man-
ifolds respectively.
1 Introduction
A fundamental result in Riemannian geometry is that the curvature tensor Rm
of an n dimensional Riemannian manifold (Mn, g) can be decomposed into three
mutually orthogonal irreducible components:
Rm =W +
1
n− 2E ? g +
ρ
2n(n− 1)g ? g
whereW denotes the Weyl conformal curvature tensor, E and ρ are the traceless
part of the Ricci curvature and the scalar curvature respectively. The vanish-
ing of some component in this decomposition characterizes some special metric
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on Riemannian manifolds. One of the important problems in Riemannian ge-
ometry is to investigate the rigidity phenomena of some canonical metrics on
Riemannian manifolds. As is known, Einstein manifolds play an important role
in both geometry and physics, while real spaces forms are the simplest geomet-
ric models. In [9, 12, 15, 18, 21, 22, 23, 26], some rigidity results were given
to characterize Einstein manifolds and real space forms among suitably larger
classes of Riemannian manifolds respectively. The key point of their methods
is a special type of differential inequalities derived from a suitable Weitzenbo¨ck
formula and a refined Kato inequality, which enables one to use either the maxi-
mum principle or the elliptic estimates to derive the rigidity results, under either
pointwise pinching conditions or global integral pinching conditions.
In 1974, S. S. Chern and J. K. Moser introduced the so-called Chern-Moser
tensor C for a pseudo-Hermitian manifold, which plays the role analogous to
the Weyl curvature tensor for a Riemannian manifold (cf. [5, 25]). Let R be
the Webster curvature of the pseudo-Hermitian manifold. Then we have the
following orthogonal decomposition:
Rα¯βλµ¯ =Cα¯βλµ¯ +
1
n+ 2
(Eα¯βδλµ¯ + Eα¯λδβµ¯ + δα¯βEλµ¯ + δα¯λEβµ¯)
+
ρ
n(n+ 1)
(δα¯βδλµ¯ + δα¯λδβµ¯)
where Cαβλµ is the Chern-Moser tensor, Eαβ is the traceless pseudo-Hermitian
Ricci tensor and ρ is the pseudo-Hermitian scalar curvature. Recall that a
pseudo-Hermitian manifold (M,HM, Jb, θ) is spherical if and only if C = 0
(dimM ≥ 5); (M,HM, Jb, θ) is pseudo-Einstein if and only if E = 0. Clearly
(M,HM, Jb, θ) is of constant pseudo-Hermitian sectional curvature if and only
if C = 0 and E = 0, provided it has constant pseudo-Hermitian scalar curvature.
On the other hand, a pseudo-Hermitian manifold is called Sasakian if its pseudo-
Hermitian torsion vanishes. As a special class of pseudo-Hermitian manifolds,
Sasakian manifolds have received much attention over the past two decades,
due to at least two reasons. Firstly, Sasakian manifolds are the links of Ka¨hler
cones, and secondly, Sasakian pseudo-Einstein manifolds play a special role in
String theory (cf. [4]).
In this paper, we investigate the following two rigidity problems for complete
Sasakian manifolds:
Problem.
(i) the rigidity of Sasakian pseudo-Einstein manifolds among Sasakian mani-
folds with constant pseudo-Hermitian scalar curvature;
(ii) the rigidity of Sasakian space forms among Sasakian pseudo-Einstein man-
ifolds.
For these purposes, we derive the Weitzenbo¨ck formulas for |E|2 and |C|2 re-
spectively. It turns out that the vanishing of the pseudo-Hermitian torsion and
the constancy of ρ imply that E is a Codazzi type tensor, and if (M,HM, Jb, θ)
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is pseudo-Einstein, then C satisfies a Bianchi-type identity. These properties
for E and C, combined with some refined Kato inequalities, enable us to deduce
some differential inequalities for |E| and |C| respectively. Note that the differ-
ential inequalities for |E| and |C| are of the same kind and the main differential
operator appearing in them is the sub-Laplacian. We will treat both compact
and complete noncompact Sasakian manifolds, and use either the maximum
principle or the sub-elliptic estimates to derive the rigidity results from these
differential inequalities, under either pointwise pinching conditions or global
integral pinching conditions. Roughly speaking, our results are as follows:
1. For Problem (i), under either suitable pointwise pinching conditions or
suitable Ln+1 integral pinching conditions on |C| and |E|, the Sasakian
manifolds become Sasakian pseudo-Einstein manifolds (Section 4);
2. For Problem (ii), under either suitable pointwise pinching conditions or
suitable Ln+1 integral pinching conditions on |C|, the Sasakian pseudo-
Einstein manifolds become Sasakian space forms (Section 5).
These results may be regarded as the CR analogues to the rigidity results for
Riemannian manifolds mentioned previously. Actually the authors in [14] con-
sidered the Problem (ii) for compact Sasakian manifold too. They gave an
integral-type rigidity theorem for the Chern-Moser tensor on compact Sasakian
pseudo-Einstein manifolds to characterize the odd dimensional spheres. How-
ever, their integral norm for C is not CR conformal invariant. Using a CR
Sobolev-type inequality, we may obtain a somewhat different result which seems
to be more natural from the viewpoints of CR geometry. Besides, the main part
of this paper is to study the Problems (i) and (ii) for complete noncompact
Sasakian manifolds. On the other hand, the authors in [6] have established
similar rigidity theorems for complete Ka¨hler manifolds with constant scalar
curvature.
2 Pseudo-Hermitian Geometry
In this section, we present some basic notions and formulas on CR manifolds.
For details, the readers may refer to [4, 7, 19, 25]. Recall that a smooth manifold
M of real dimension (2n+1) is said to be a CR manifold if there exists a smooth
rank n complex subbundle T1,0M ⊂ TM ⊗ C such that
T1,0M ∩ T0,1M = 0
and
[Γ(T1,0M),Γ(T1,0M)] ⊂ Γ(T1,0M)
where T0,1M = T1,0M is the complex conjugate of T1,0M . Equivalently, the
CR structure may also be described by the real subbundle HM = Re {T1,0M ⊕
T0,1M} of TM which carries a complex structure Jb : HM → HM defined by
Jb(X+X) =
√−1(X−X) for any X ∈ T1,0M . Since HM is naturally oriented
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by the complex structure, then M is orientable if and only if there exists a
global nowhere vanishing 1-form θ such that θ(HM) = 0. Any such section θ is
referred to as a pseudo-Hermitian structure on M . Given a pseudo-Hermitian
structure θ on M , the Levi form Lθ is defined by
Lθ(Z,W ) = −
√−1dθ(Z,W )
for any Z,W ∈ T1,0M .
Definition 2.1. An orientable CR manifold M with a pseudo-Hermitian struc-
ture θ, denoted by (M,HM, Jb, θ), is called a pseudo-Hermitian manifold. A
pseudo-Hermitian manifold (M,HM, Jb, θ) is said to be a strictly pseudoconvex
CR manifold if its Levi form Lθ is positive definite.
From now on we assume that (M,HM, Jb, θ) is a strictly pseudoconvex CR
manifold. Therefore there exists a unique nowhere zero vector field T transverse
to HM , satisfying T y θ = 1, T y dθ = 0. This vector field is called the charac-
teristic direction of (M,HM, Jb, θ). We can extend Jb to an endomorphism of
TM by requiring that JbT = 0. Define the bilinear form Gθ by
Gθ(X,Y ) = dθ(X, JbY ), for any X,Y ∈ HM.
Since Gθ is Jb-invariant and coincides with Lθ on T1,0M ⊗ T0,1M , Gθ is also
positive definite on HM ⊗HM . This allows us to define a Riemannian metric
gθ on TM by
gθ(X,Y ) = Gθ(πHX, πHY ) + θ(X)θ(Y ), X, Y ∈ TM
where πH : TM → HM is the projection with respect to the direct sum decom-
position TM = HM ⊕RT . This metric gθ is usually called the Webster metric.
Sometimes we denote it by 〈·, ·〉.
Definition 2.2. Assume that (M,HM, Jb, θ) and (M˜, H˜M, J˜b, θ˜) are two strictly
pseudoconvex CR manifolds. We say that (M,HM, Jb, θ) is CR conformal to
(M˜, H˜M, J˜b, θ˜) if there exists a diffeomorphism f : M → M˜ and a smooth
function u on M such that
df ◦ Jb = J˜b ◦ df and f∗θ˜ = uθ.
Furthermore (M,HM, Jb, θ) is called to be D-homothetic to (M˜, H˜M, J˜b, θ˜) if
in addition u is constant.
On a strictly pseudoconvex CR manifold, there exists a canonical connection
preserving the complex structure and the Webster metric.
Proposition 2.3 ([25]; cf. also [7]). Let (M,HM, Jb, θ) be a strictly pseudo-
convex CR manifold. Let T be the characteristic direction and gθ the Webster
metric. Then there is a unique linear connection ∇ on M (called the Tanaka-
Webster connection) such that:
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(1) The Levi distribution HM is parallel with respect to ∇;
(2) ∇Jb = 0, ∇gθ = 0;
(3) The torsion T∇ of the connection ∇ satisfies that for any X,Y ∈ HM ,
T∇(X,Y ) = 2dθ(X,Y )T and T∇(T, JbX) + JbT∇(T,X) = 0.
The pseudo-Hermitian torsion, denoted by τ , is the TM -valued 1-form de-
fined by τ(X) = T∇(T,X). A pseudo-Hermitian manifold is called Sasakian if
τ ≡ 0. Clearly, the D-homothetic transformation of a Sasakian manifold is also
a Sasakian manifold.
Let (M,HM, Jb, θ) be a strictly pseudoconvex CR manifold of dimension
2n+ 1. Let {η1, . . . , ηn} be a local orthonormal frame of T1,0M defined on an
open set U ⊂ M , and {θ1, . . . θn} its dual coframe. Note that τ(T1,0M) ⊂
T0,1M and τ is gθ-symmetric (cf. [7]). Thus we can write τηα = A
β¯
αηβ¯ for some
local smooth functions Aβ¯α : U → C. Then the structure equations are given by
dθ = 2
√−1θα ∧ θα¯, (2.1)
dθα = θβ ∧ θαβ + θ ∧ τα, (2.2)
θαβ + θ
β¯
α¯ = 0, (2.3)
dθαβ = θ
γ
β ∧ θαγ + Παβ (2.4)
where θαβ ’s are the Tanaka-Webster connection 1-forms with respect to {ηα} and
τα = Aα
β¯
θβ¯ . In [25], S. M. Webster showed that
Παβ = 2
√−1(θα ∧ τβ + θβ ∧ τα) +Rαβλµ¯θλ ∧ θµ¯ +Aαµ¯,βθ ∧ θµ¯ −A αµβ, θ ∧ θµ
(2.5)
where Rαβλµ¯ is called the Webster curvature. He also derived the first Bianchi
identity, i.e. Rα¯βλµ¯ = Rα¯λβµ¯. So the pseudo-Hermitian Ricci curvature can
be defined by Rλµ¯ = Rα¯αλµ¯ and then the pseudo-Hermitian scalar curvature
is ρ = Rαα¯ = Rβ¯βαα¯. If Rλµ¯ =
ρ
n
δλµ¯, (M,HM, Jb, θ) is called a pseudo-
Einstein manifold. To characterize the pseudo-Einstein manifolds, the traceless
pseudo-Hermitian Ricci tensor is defined by Eαβ¯ = Eβ¯α = Rαβ¯ − ρn . Clearly
(M,HM, Jb, θ) is pseudo-Einstein if and only if E = 0. From (2.5), the pseudo-
Hermitian torsion and its covariant derivative reflect partial information about
the curvature tensor of the Tanaka-Webster connection. The second Bianchi
identities were given by J. M. Lee in Lemma 2.2 of [19].
Lemma 2.4 (Second Bianchi identities, [19]). The Webster curvature satisfies
the following identities
Rα¯βλµ¯,γ −Rα¯βγµ¯,λ = 2
√−1(Aβγ,µ¯δα¯λ +Aγβ,α¯δλµ¯ −Aβλ,µ¯δα¯γ −Aλβ,α¯δγµ¯),
(2.6)
Rα¯βλµ¯,0 = Aλβ,α¯µ¯ +Aα¯µ¯,βλ + 2
√−1(Aα¯γ¯Aγλδβµ¯ −AβγAγ¯µ¯δα¯λ), (2.7)
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and the contracted identities:
Rλµ¯,γ −Rγµ¯,λ = 2
√−1(Aγα,α¯δλµ¯ −Aλα,α¯δγµ¯), (2.8)
ρλ −Rλµ¯,µ = 2
√−1(n− 1)Aλµ,µ¯, (2.9)
Rλµ¯,0 = Aλα,α¯µ¯ +Aα¯µ¯,αλ, (2.10)
ρ0 = Aλα,α¯λ¯ + Aα¯λ¯,αλ. (2.11)
In [25], S. M. Webster introduced a pseudo-Hermitian analogue of the notion
of holomorphic sectional curvature in Hermitian geometry. For consistency, we
recall it in the terminology of [7]. Given x ∈ M , let G1(HM)x consist of all
2-planes σ = span{X, JbX} ⊂ TxM for all X ∈ HxM . Then G1(HM) (the
disjoint union of all G1(HM)x) is a fiber bundle overM with the standard fiber
CPn−1. Define a function kθ : G1(HM)→ R by
kθ(σ) =
1
4
gθ
(
R(X, JbX)JbX,X
)
gθ(X,X)2
for any σ ∈ G1(HM) spanned by X and JbX . Actually if Z = 1√2 (X −√−1JbX), then
kθ(σ) = −1
4
gθ(R(Z,Z)Z,Z)
gθ(Z,Z)2
This function kθ is referred to as the pseudo-Hermitian sectional curvature of
(M,HM, Jb, θ). Clearly if Rα¯βλµ¯ = 2κ(δα¯βδλµ¯ + δα¯λδβµ¯) for some constant κ,
then (M,HM, Jb, θ) has constant pseudo-Hermitian sectional curvature κ. As
a consequence of Theorem 1.6 in [7], the Riemannian curvature Rθ and the
Webster curvature R of a Sasakian manifold have the following connection: for
any X,Y, Z ∈ TM ,
Rθ(X,Y )Z =R(X,Y )Z + gθ(JX,Z)JY − gθ(JY, Z)JX + 2dθ(X,Y )JZ
+ θ(X)gθ(Y, Z)T − θ(Y )gθ(X,Z)T − θ(Z)θ(X)Y + θ(Z)θ(Y )X
(2.12)
which gives the relationship between the Riemannian Ricci curvature Ricθ and
the pseudo-Hermitian Ricci curvature:
Ricθ
αβ¯
= Rαβ¯ − 2δαβ¯, Ricθαβ = Ricθα0 = 0, and Ricθ00 = 2n. (2.13)
From (2.12), if a Sasakian manifold has constant pseudo-Hermitian sectional
curvature κ, it has constant Jb-sectional curvature 4κ− 3 in the terminology of
[2, 4]. Such manifold is called Sasakian space form. The following theorem of
Tanno [24] gives the classification of Sasakian space forms.
Lemma 2.5 ([24]; also cf. [2, p. 142] and [4, p. 229]). Let (M,HM, Jb, θ) be a
complete simply connected Sasakian manifold with constant pseudo-Hermitian
sectional curvature κ. Then (M,HM, Jb, θ) is one of the following:
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1. if κ > 0, (M,HM, Jb, θ) is D-homothetic to S
2n+1;
2. if κ = 0, (M,HM, Jb, θ) is D-homothetic to H
n;
3. if κ < 0, (M,HM, Jb, θ) is D-homothetic to B
n
C
× R.
By studying the CR conformal transformations, the authors in [5, 25] found
an important tensor called Chern-Moser tensor, which plays the role analogous
to Weyl tensor in Riemannian geometry. It is defined by
Cα¯βλµ¯ =Rα¯βλµ¯ − 1
n+ 2
(Eα¯βδλµ¯ + Eα¯λδβµ¯ + δα¯βEλµ¯ + δα¯λEβµ¯)
− ρ
n(n+ 1)
(δα¯βδλµ¯ + δα¯λδβµ¯) (2.14)
which is the projection of the Webster curvature into the traceless subspace.
Moreover under a CR conformal transformation θ˜ = e2uθ for some u ∈ C∞(M),
the new Chern-Moser tensor and the original one differ by a conformal factor,
i.e. C˜ = e−2uC. Hence
||C||Ln+1(M) =
(∫
M
|C|n+1θ ∧ (dθ)n
) 1
n+1
is a CR conformal invariant. It is known that if the Chern-Moser tensor vanishes
and 2n+1 ≥ 5, the strictly pseudoconvex CR manifold is locally CR isomorphic
to the unit sphere S2n+1 ⊂ Cn+1. Such manifold is called spherical CR manifold.
Clearly a Sasakian manifold is a Sasakian space form if and only if it is spherical
and pseudo-Einstein. In Sasakian geometry, the Chern-Moser tensor agrees with
the contact Bochner curvature tensor defined in [14].
Since the scalar curvature of an Einstein manifold is constant, it is natural to
ask whether this property is still true for the pseudo-Hermitian scalar curvature
of a pseudo-Einstein manifold. We may show that the answer is affirmative for
some special case.
Lemma 2.6. Let (M,HM, Jb, θ) be a pseudo-Einstein manifold of dimension
2n + 1 ≥ 5. If the divergence of the pseudo-Hermitian torsion vanishes, the
pseudo-Hermitian scalar curvature is constant.
Proof. Since (M,HM, Jb, θ) is pseudo-Einstein, then Rλµ¯ =
ρ
n
δλµ¯. Since the
divergence of the pseudo-Hermitian torsion vanishes and n ≥ 2, by (2.9), we
have
0 = ρλ −Rλµ¯,µ = ρλ − 1
n
ρλ
which implies ρλ = 0. Moreover (2.11) yields ρ0 = 0. Hence ρ is constant.
However, the pseudo-Einstein condition does not imply the constancy of the
pseudo-Hermitian scalar curvature in general, even if the Chern-Moser tensor
vanishes. Before giving a counter-example, let us recall the following lemma.
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Lemma 2.7 ([19]). Let (M,HM, Jb, θ) be a strictly pseudoconvex CR mani-
fold. Under the CR conformal transformation θ˜ = e2uθ for some u ∈ C∞(M),
the pseudo-Hermitian torsion and the pseudo-Hermitian curvature transform as
follows:
A˜αβ = e
−2u(Aαβ +√−1uαβ − 2√−1uαuβ)
and
e2uR˜λµ¯ = Rλµ¯ − (n+ 2)(uλµ¯ + uµ¯λ)− δλµ¯
(
uαα¯ + uα¯α + 4(n+ 1)uαuα¯
)
e2uρ˜ = ρ− 2(n+ 1)(uαα¯ + uα¯α)− 4(n+ 1)uαuα¯
where the covariant derivatives of u are computed with respect to the original
pseudo-Hermitian structure (M,HM, Jb, θ) and A˜λµ, R˜λµ¯ are evaluated with
respect to the new coframe θ˜α = eu(θα +
√−1uαθ).
Example 2.8. Let (Hn, HHn, Jb, θ) be the Heisenberg group. Under the standard
coordinates (z, t) in Hn ∼= Cn × R, we have
θ = dt+
n∑
α=1
√−1(zαdz¯α − z¯αdzα), and dθ = 2√−1dzα ∧ dz¯α.
One may choose the following frame and coframe fields
ηα =
∂
∂zα
+
√−1z¯α ∂
∂t
, and θα = dzα.
Since dθα = ddz¯α = 0, the connection coefficients θαβ = 0 and the pseudo-
Hermitian torsion τ = 0. It is easy to verify that the pseudo-Hermitian Ricci
curvature, the pseudo-Hermitian scalar curvature and the Chern-Moser tensor
of the Heisenberg group all vanish
Now we consider its CR conformal transformation θ˜ = e2uθ with u(z, t) =
|z|2. By Lemma 2.7, we have
A˜λµ = −2
√−1z¯λz¯µe−2|z|2
and
R˜λµ¯ = −4(n+ 1)(1 + |z|2)e−2|z|
2
δλµ¯,
ρ˜ = −4n(n+ 1)(1 + |z|2)e−2|z|2 .
Hence the pseudo-Hermitian manifold (Hn, HHn, Jb, θ˜) is pseudo-Einstein too,
but non-Sasakian. Since the Chern-Moser tensor changes conformally under
the CR conformal transformation, the new Chern-Moser tensor also vanishes.
However the pseudo-Hermitian scalar curvature of θ˜ is nonconstant.
A useful tool in Riemannian geometry is the Ricci identity for commuting
covariant derivatives. Naturally we need a similar formula for the Tanaka-
Webster connection.
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Lemma 2.9 (Ricci Identities).
Rαβ¯,λµ¯ −Rαβ¯,µ¯λ = Rγβ¯Rγ¯αλµ¯ +Rαγ¯Rγβ¯λµ¯ + 2
√−1δλµ¯Rαβ¯,0 (2.15)
and
Cα¯βςµ¯,λγ¯−Cα¯βςµ¯,γ¯λ = Cν¯βςµ¯Rνα¯λγ¯ + Cα¯νςµ¯Rν¯βλγ¯
+ Cα¯βνµ¯Rν¯ςλγ¯ + Cα¯βςν¯Rνµ¯λγ¯ + 2
√−1δλγ¯Cα¯βςµ¯,0. (2.16)
The above results are consequences of the following general identity: for any
σ ∈ Γ(⊗qT ∗M) and X, Y, X1, . . . , Xq ∈ Γ(TM), we have(∇2σ)(X1, . . . , Xp;Y,X)− (∇2σ)(X1, . . . , Xp;X,Y )
= −(R(Y,X)σ)(X1, . . . , Xp) + (∇T∇(Y,X)σ)(X1, . . . , Xp)
=
q∑
i=1
σ
(
X1, . . . , R(Y,X)Xi, . . . , Xq
)
+
(∇T∇(Y,X)σ)(X1, . . . , Xp).
Analogous to the Laplace operator in Riemannian geometry, there is a de-
generate elliptic operator in CR geometry which is called sub-Laplace operator.
Let (M,HM, Jb, θ) be a strictly pseudoconvex CR manifold of dimension 2n+1.
The nowhere vanishing form θ ∧ (dθ)n defines a volume form of M . Hence the
divergence div(X) of a vector field X is given by
LXθ ∧ (dθ)n = div(X)θ ∧ (dθ)n
where L denotes the Lie derivative.
Definition 2.10. The sub-Laplace operator is the differential operator △b de-
fined by
△bu = div(∇bu), for any u ∈ C∞(M)
where ∇bu = πH∇u is the horizontal part of ∇u.
Lemma 2.11 ([7]). Under the above notions, we have
△bu = uαα¯ + uα¯α, for any u ∈ C∞(M).
The sub-Laplace operator enjoys a similar maximum principle as the Laplace
operator.
Lemma 2.12 (Bony’s Maximum Principle [3]; also cf. [17]). Let (M,HM, Jb, θ)
be a strictly pseudoconvex CR manifold and Ω an open set of M . Suppose that
u ∈ C2(Ω) satisfies △bu ≥ 0. If there exists x0 ∈ Ω such that 0 ≤ u(x0) =
supΩ u < +∞, then u ≡ u(x0) on Ω. In particular, if M is compact, then u
must be constant.
Since (M, gθ) is also a Riemannian manifold, we denote by △ its Laplace
operator, r the Riemannian distance function to a fixed point x0 ∈ M and Br
the ball of radius r centered at x0.
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3 A general gap theorems for subelliptic differ-
ential inequalities
In this section, we establish a general gap result for a special class of subelliptic
differential inequalities on a complete pseudo-Hermitian manifold; this result
will be applied to get some rigidity theorems of Sasakian pseudo-Einstein man-
ifolds and Sasakian space forms later. Our method is basically a partial process
of the Moser’s iteration which is similar to that one used in [21] for some elliptic
differential inequalities.
Proposition 3.1. Let (M,HM, Jb, θ) be a complete noncompact strictly pseu-
doconvex CR manifold and assume that, for some 0 < α < 1 and some function
h, the CR Sobolev-type inequality∫
M
(|∇bϕ|2 + hϕ2) ≥ S(α)−1
(∫
M
|ϕ| 21−α
)1−α
(3.1)
holds for every ϕ ∈ C∞c (M) with a positive constant S(α) > 0. Suppose that
0 6= ψ ∈ Liploc(M) is a nonnegative solution of
ψ△bψ + a(x)ψ2 +B|∇bψ|2 ≥ 0 weakly on M (3.2)
satisfying ∫
Br
|ψ|σ = o(r2) as r → +∞ (3.3)
with B ∈ R, σ − B − 1 > 0, σ ≥ 2 , and a(x) ∈ C0(M). Then for any δ > 0
and 0 < ǫ < σ −B − 1, we have∣∣∣∣∣∣(a(x) + Cδ,ǫh)+∣∣∣∣∣∣
L
1
α (M)
≥ Cδ,ǫS(α)−1 (3.4)
where Cδ,ǫ = 4σ
−2(1 + δ)−1(σ −B − 1− ǫ).
Proof. By (3.2), we know that for any nonnegative test function χ ∈ W 1,2c (M),∫
M
aψ2χ ≥
∫
M
ψ〈∇bψ,∇bχ〉+ (1−B)χ|∇bψ|2.
Let φr ∈ C∞c (B2r) be a family of cutoff functions with
φr = 1 on Br, and |∇φr| ≤ 2
r
on M
which implies |∇bφr | ≤ |∇φr| ≤ 2r on M . Fix η > 0. Then the test function
χ = (ψ + η)σ−2 φ2r is a Lipschitz function. Applying the CR Sobolev-type
inequality (3.1) to it, we derive∫
M
aψ2(ψ + η)σ−2φ2r ≥
∫
M
2(ψ + η)σ−2φrψ〈∇bψ,∇bφr〉
+
∫
M
[
(1−B) + (σ − 2) ψ
ψ + η
]
(ψ + η)σ−2φ2r |∇bψ|2.
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By Lebesgue dominated convergence theorem and letting η → 0, the above
inequality becomes∫
M
aψσφ2r ≥
∫
M
2ψσ−1φr〈∇bψ,∇bφr〉+
∫
M
[(1−B) + (σ − 2)]ψσ−2φ2r |∇bψ|2.
Using Cauchy-Schwarz inequality, we have
(σ −B − 1− ǫ)
∫
M
φ2rψ
σ−2|∇bψ|2 ≤
∫
M
aψσφ2r +
1
ǫ
∫
M
ψσ|∇bφr|2.
When σ ≥ 2, ψ σ2 φr is a Lipschitz function. Applying the CR Sobolev-type
inequality (3.1) to it, we obtain
S(α)−1
(∫
M
(ψ
σ
2 φr)
2
1−α
)1−α
≤
∫
M
|∇b(ψ σ2 φr)|2 + hφ2rψσ
≤ (1 + δ)σ
2
4
∫
M
ψσ−2φ2r |∇bψ|2 + (1 +
1
δ
)
∫
M
ψσ|∇bφr|2 +
∫
M
hφ2rψ
σ
≤ C−1δ,ǫ
∫
M
(a+ hCδ,ǫ)+ψ
σφ2r + (C
−1
δ,ǫ ǫ
−1 + 1 +
1
δ
)
∫
M
ψσ|∇bφr|2 (3.5)
where (a+ hCδ,ǫ)+ is the nonnegative part of a+ hCδ,ǫ and
Cδ,ǫ =
4
σ2
σ −B − 1− ǫ
1 + δ
.
But Ho¨lder’s inequality implies that∫
M
(a+ hCδ,ǫ)+ψ
σφ2r ≤ ||(a+ hCδ,ǫ)+||L 1α (B2r)
(∫
M
(ψ
σ
2 φr)
2
1−α
)1−α
.
Substituting the above inequality to (3.5), then
[
S(α)−1 − C−1δ,ǫ ||(a+ hCδ,ǫ)+||L 1α (B2r)
](∫
M
(ψ
σ
2 φr)
2
1−α
)1−α
≤ (C−1δ,ǫ ǫ−1 + 1 +
1
δ
)
∫
M
ψσ|∇bφr|2 ≤ (C−1δ,ǫ ǫ−1 + 1 +
1
δ
)
4
r2
∫
B2r
ψσ.
Since ψ 6= 0, we let r→ +∞ and use the assumption (3.3) to find
||(a+ hCδ,ǫ)+||
L
1
α (M)
≥ S(α)−1Cδ,ǫ.
Remark 3.2. One can also obtain a similar result for 0 < σ < 2 by using the
method in [21]. Since we do not need it in this paper, we omit its details here.
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In [16], D. Jerison and J. M. Lee introduced the following CR Yamabe con-
stant
λ(M) = inf
06=u∈C∞(M)
supp u⋐M
∫
M
(bn|∇bu|2 + ρu2)θ ∧ (dθ)n
(
∫
M
|u|pθ ∧ (dθ)n) 2p
(3.6)
where bn = p = 2 +
2
n
. Hence if λ(M) is positive, it provides a class of CR
Sobolev-type inequality (3.1) with
h =
n
2n+ 2
ρ, α =
1
n+ 1
and S(α) = (2 +
2
n
)λ(M)−1.
It is known that the CR Yamabe constant of Heisenberg group and the odd
dimension sphere are positive (cf. [7, 16]). Combining (3.6) with Proposition
3.1, we have the following corollary.
Corollary 3.3. Let (M,HM, Jb, θ) be a complete noncompact strictly pseu-
doconvex CR manifold with positive CR Yamabe constant. Suppose that ψ ∈
Liploc(M) is a nonnegative solution of
ψ△bψ + a(x)ψ2 +B|∇bψ|2 ≥ 0 weakly on M (3.7)
satisfying ∫
Br
|ψ|σ = o(r2) as r → +∞ (3.8)
with B ∈ R, σ −B − 1 > 0, σ ≥ 2 , and a(x) ∈ C0(M). If there are δ > 0 and
0 < ǫ < σ −B − 1 such that∣∣∣∣∣∣∣∣(a(x) + C˜δ,ǫρ)+
∣∣∣∣∣∣∣∣
Ln+1(M)
< C˜δ,ǫλ(M) (3.9)
where C˜δ,ǫ =
2n
n+1
σ−B−1−ǫ
σ2(1+δ) , then ψ ≡ 0.
4 Rigidity Theorems of Pseudo-Einstein mani-
folds
In this section, we consider a complete Sasakian manifold with constant pseudo-
Hermitian scalar curvature. First, under some suitable Lp conditions or pinching
conditions on the Chern-Moser tensor and the traceless pseudo-Hermitian Ricci
tensor, we prove that such Sasakian manifolds must be pseudo-Einstein. Sec-
ond, we use the maximum principle to prove that when the Chern-Moser tensor
and the traceless pseudo-Hermitian Ricci tensor satisfy some L∞ pinching con-
dition, then (M,HM, Jb, θ) must be pseudo-Einstein too. Finally, we give a
simple proof to show that if a compact Sasakian manifold has constant pseudo-
Hermitian scalar curvature and quasi-positive orthogonal pseudo-Hermitian sec-
tional curvature, then it is pseudo-Einstein.
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Let (M,HM, Jb, θ) be a (2n + 1)-Sasakian manifold with constant pseudo-
Hermitian scalar curvature. Since the pseudo-Hermitian torsion vanishes, the
contracted identity (2.10) implies that Rαβ¯,0 = 0. Hence (2.15) yields
Eαβ¯,λµ¯ − Eαβ¯,µ¯λ = Eγβ¯Rγ¯αλµ¯ + Eαγ¯Rγβ¯λµ¯. (4.1)
The Codazzi equation, i.e. Eαβ¯,γ = Eγβ¯,α, follows from (2.8) and the constancy
of the pseudo-Hermitian scalar curvature. By direct calculations, we have
1
2
△b|Eαβ¯ |2 = 2Eαβ¯,γEα¯β,γ¯ + Eαβ¯,γγ¯Eα¯β + Eαβ¯,γγ¯Eα¯β (4.2)
and
Eαβ¯,γγ¯ = Eγβ¯,αγ¯ = Eγβ¯,γ¯α + Eλβ¯Rλ¯γαγ¯ + Eγλ¯Rλβ¯αγ¯
= Eλβ¯Rαλ¯ + Eγλ¯Rλβ¯αγ¯ . (4.3)
Substituting (4.3) and (2.14) into (4.2), we find
1
2
△b|E|2 = |∇bE|2 + 2n
n+ 2
trGθE
3 − 4Eγλ¯Cβ¯λαγ¯Eα¯β +
2ρ
n+ 1
|E|2 (4.4)
where∇bE is the horizontal part of∇E and trGθE3 = 2Eαλ¯Eλβ¯Eα¯β . We use the
method in [12] to obtain the Kato inequality of the traceless pseudo-Hermitian
Ricci tensor E.
Lemma 4.1. If (M,HM, J, θ) is a Sasakian manifold of dimension 2n+1 ≥ 5
and with constant pseudo-Hermitian scalar curvature, then
1
4
|∇b|E|2|2 ≤ n
n+ 1
|E|2|∇bE|2. (4.5)
Proof. Since (Eαβ¯) is a Hermitian matrix, we can choose some proper orthonor-
mal basis {θα} such that (Eαβ¯) is diagonal at a given point and assume that
{λα}nα=1 are the eigenvalues. Hence we can calculate that∣∣∇b|E|2∣∣2 = 32∑
γ
∣∣∑
α,β
Eαβ¯Eα¯β,γ
∣∣2 = 32∑
γ
∣∣∑
α
Eαα¯,γEα¯α
∣∣2
On the other hand, by the Codazzi equation for E, we find
|∇bE|2 = 4
∑
α,β,γ
|Eαβ¯,γ |2 ≥ 4
∑
γ
(
|Eγγ¯,γ |2 +
∑
α6=γ
|Eαα¯,γ |2 +
∑
α6=γ
|Eαγ¯,γ |2
)
= 4
∑
γ
(
|Eγγ¯,γ |2 + 2
∑
α6=γ
|Eαα¯,γ |2
)
Thus to prove (4.5), we only need to demonstrate that for any γ,∣∣∣∣∑
α
Eαα¯,γEα¯α
∣∣∣∣2 ≤ nn+ 1
(∑
α
|Eαα¯|2
)(
|Eγγ¯,γ |2 + 2
∑
α6=γ
|Eαα¯,γ |2
)
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which is equivalent to∣∣∑
α
λαµ
γ
α
∣∣2 ≤ n
n+ 1
(∑
α
|λα|2
)(
|µγγ |2 + 2
∑
α6=γ
|µγα|2
)
(4.6)
where µγα = Eαα¯,γ . But since E is traceless, we know that
∑
α µ
γ
α = 0 and thus
for any γ,
|µγγ |2 + 2
∑
α6=γ
|µγα|2 =|µγγ |2 +
n− 1
n
∑
α6=γ
|µγα|2 +
n+ 1
n
∑
α6=γ
|µγα|2
≥|µγγ |2 +
1
n
∣∣∑
α6=γ
µγα
∣∣2 + n+ 1
n
∑
α6=γ
|µγα|2 =
n+ 1
n
∑
α
|µγα|2
which yields (4.6) on account of Cauchy-Schwarz inequality. This completes the
proof.
The second term on the right side of (4.4) can be estimated by Okumura’s
result:
Lemma 4.2 ([20]). Let ai, i = 1, . . . ,m be real numbers satisfying
m∑
i=1
ai = 0, and
m∑
i=1
a2i = k
2
Then we have
− m− 2√
m(m− 1)k
3 ≤
m∑
i=1
a3i ≤
m− 2√
m(m− 1)k
3
By this lemma, we obtain∣∣∣∣ ∑
α,β,λ
Eαλ¯Eλβ¯Eα¯β
∣∣∣∣ ≤ 12√2 n− 2√n(n− 1) |E|3. (4.7)
Now we use the method in [8] to estimate the third term on the right side of
(4.4).
Lemma 4.3.∣∣∣∣ ∑
α,β,λ,γ
Eγλ¯Cβ¯λαγ¯Eα¯β
∣∣∣∣ ≤ 14
√
2n2 + 4n+ 3
2(n+ 1)(n+ 2)
|E|2|C|. (4.8)
Proof. We denote
F =(Eα¯βEλµ¯ + Eα¯λEβµ¯)θ
α¯ ⊗ θβ ⊗ θλ ⊗ θµ¯
+ (Eαβ¯Eλ¯µ + Eαλ¯Eβ¯µ)θ
α ⊗ θβ¯ ⊗ θλ¯ ⊗ θµ
− (Eβ¯αEλµ¯ + Eβ¯λEαµ¯)θα ⊗ θβ¯ ⊗ θλ ⊗ θµ¯
− (Eβα¯Eλ¯µ + Eβλ¯Eα¯µ)θα¯ ⊗ θβ ⊗ θλ¯ ⊗ θµ.
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It is easy to check that the tensor F satisfies all algebraic properties of the
Webster curvature, such as
Fα¯βλµ¯ = −Fβα¯λµ¯ = −Fα¯βµ¯λ, Fα¯βλµ¯ = Fα¯λβµ¯.
Therefore it can be decomposed into three orthogonal parts, i.e. F = T +P +Q
where T , P and Q are the traceless part, the “partial trace” part and the “total
trace” part of F respectively. More precisely,
Pα¯βλµ¯ =
1
n+ 2
(
F˜α¯βδλµ¯ + F˜α¯λδβµ¯ + F˜λµ¯δα¯β + F˜βµ¯δλα¯
)
,
Qα¯βλµ¯ =
f
n(n+ 1)
(
δα¯βδλµ¯ + δα¯λδβµ¯
)
,
where
F˜λµ¯ = F˜µ¯λ = Fα¯αλµ¯ − f
n
δλµ¯ = Eα¯λEαµ¯ − f
n
δλµ¯,
f = Fα¯αλλ¯ = Eα¯λEαλ¯ =
1
2
|E|2.
Note that
∑
α F˜αα¯ = 0. Since T, P,Q are mutually orthogonal, |T |2 = |F |2 −
|P |2 − |Q|2. But
1
4
|F |2 = Fα¯βλµ¯Fαβ¯λ¯µ =(Eα¯βEλµ¯ + Eα¯λEβµ¯)(Eαβ¯Eλ¯µ + Eαλ¯Eβ¯µ)
=
1
2
|E|4 + 2Z
and
1
4
|P |2 = Pα¯βλµ¯Pαβ¯λ¯µ =
1
(n+ 2)2
(
F˜α¯βδλµ¯ + F˜α¯λδβµ¯ + F˜λµ¯δα¯β + F˜βµ¯δλα¯
)
× (F˜αβ¯δλ¯µ + F˜αλ¯δβ¯µ + F˜λ¯µδαβ¯ + F˜β¯µδλ¯α)
=
4
n+ 2
F˜µ¯λF˜µλ¯
=
4
n+ 2
(
Eα¯λEαµ¯ − f
n
δλµ¯
)(
Eβλ¯Eβ¯µ −
f
n
δλ¯µ
)
=
4
n+ 2
(Z − 1
4n
|E|4)
and
1
4
|Q|2 = Qα¯βλµ¯Qαβ¯λ¯µ =
(
f
n(n+ 1)
)2 (
δα¯βδλµ¯ + δα¯λδβµ¯
)(
δαβ¯δλ¯µ + δαλ¯δβ¯µ
)
=
1
2n(n+ 1)
|E|4
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where Z = Eα¯βEλµ¯Eαλ¯Eβ¯µ = Eα¯βEβ¯µEµ¯λEλ¯α. Thus
1
4
|T |2 =1
4
|F |2 − 1
4
|P |2 − 1
4
|Q|2 = n
2 + 3n+ 3
2(n+ 1)(n+ 2)
|E|4 + 2n
n+ 2
Z
≤ n
2 + 3n+ 3
2(n+ 1)(n+ 2)
|E|4 + n
2(n+ 2)
|E|4 = 2n
2 + 4n+ 3
2(n+ 1)(n+ 2)
|E|4.
Since Cβ¯λαµ¯ = Cµ¯λαβ¯ , we can complete the proof by∣∣ ∑
α,β,λ,γ
Eµλ¯Cβ¯λαµ¯Eα¯β
∣∣ =1
8
〈F,C〉 = 1
8
〈T,C〉 ≤ 1
8
|T ||C|
≤1
4
√
2n2 + 4n+ 3
2(n+ 1)(n+ 2)
|E|2|C|.
Substituting (4.5) (4.7) and (4.8) into (4.4), we have
Lemma 4.4. If (M,HM, Jb, θ) is a Sasakian manifold with constant pseudo-
Hermitian scalar curvature and the dimension 2n+1 ≥ 5, the traceless pseudo-
Hermitian Ricci tensor satisfies
1
2
△b|E|2 +
(
b(x)− 2ρ
n+ 1
)
|E|2 − |∇bE|2 ≥ 0, on M (4.9)
and
|E|△b|E|+
(
b(x) − 2ρ
n+ 1
)
|E|2 − 1
n
|∇b|E||2 ≥ 0, weakly on M (4.10)
where b(x) =
√
2n2+4n+3
(n+1)(n+2)(|E|+ 1√2 |C|).
Now we apply Corollary 3.3 to (4.10) and get the following theorem
Theorem 4.5. Let (M,HM, Jb, θ) be a complete noncompact Sasakian mani-
fold with zero pseudo-Hermitian scalar curvature, positive CR Yamabe constant
and the dimension 2n+ 1 ≥ 5. Assume that∫
Br
|E|σθ ∧ (dθ)n = o(r2), as r →∞ (4.11)
and
1√
2
||C||Ln+1(M) + ||E||Ln+1(M) <
2nσ − 2n+ 2
σ2
√
n+ 1
√
n+ 2
2n2 + 4n+ 3
λ(M) (4.12)
where σ ≥ 2. Then (M,HM, Jb, θ) is a pseudo-Einstein manifold. Actually it
is pseudo-Hermitian Ricci-flat.
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Proof. Since the pseudo-Hermitian scalar curvature is zero, by (4.10), |E| sat-
isfies
|E|△b|E|+ b(x)|E|2 − 1
n
|∇b|E||2 ≥ 0, weakly on M.
On the other hand, the assumption (4.12) yields
||b(x)||Ln+1(M) <
2nσ − 2n+ 2
σ2(n+ 1)
λ(M).
It guarantees the existence of sufficiently small ǫ and δ such that δ > 0, 0 < ǫ <
σ + 1
n
− 1 and
||b(x)||Ln+1(M) < C˜δ,ǫλ(M)
where C˜δ,ǫ =
2n
n+1
σ+ 1
n
−1−ǫ
σ2(1+δ) . Hence using Corollary 3.3 with
ψ = |E|, a(x) = b(x), and B = − 1
n
,
we conclude that |E| = 0.
The most interesting case is σ = n + 1 since the Ln+1 norm of the Chern-
Moser tensor is a CR conformal invariant and in this case, the conditions (4.11),
(4.12) merge into one.
Theorem 4.6. Let (M,HM, Jb, θ) be a complete noncompact Sasakian mani-
fold with zero pseudo-Hermitian scalar curvature, positive CR Yamabe constant
and the dimension 2n+ 1 ≥ 5. Assume that
1√
2
||C||Ln+1(M) + ||E||Ln+1(M) <
2n2 + 2
(n+ 1)
5
2
√
n+ 2
2n2 + 4n+ 3
λ(M).
Then (M,HM, Jb, θ) is a pseudo-Hermitian Ricci-flat manifold.
If the pseudo-Hermitian scalar curvature is negative, the result and the cor-
responding proof are similar.
Theorem 4.7. Let (M,HM, Jb, θ) be a complete noncompact Sasakian man-
ifold with constant negative pseudo-Hermitian scalar curvature, positive CR
Yamabe constant and the dimension 2n+ 1 ≥ 5. Assume that∫
Br
|E|σθ ∧ (dθ)n = o(r2), as r →∞ (4.13)
and
1√
2
||C||Ln+1(M) + ||E||Ln+1(M) <
2nσ − 2n+ 2
σ2
√
n+ 1
√
n+ 2
2n2 + 4n+ 3
λ(M) (4.14)
where 2 ≤ σ < n− 1. Then (M,HM, Jb, θ) is a pseudo-Einstein manifold.
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Before introducing the case of positive pseudo-Hermitian scalar curvature,
we recall a variation of Myers’ theorem due to I. Hasegawa and M. Seino [11].
Since the proof is simple, we provided it here for completeness.
Lemma 4.8. Let (M,HM, Jb, θ) be a Sasakian manifold with positive pseudo-
Hermitian Ricci curvature, that is Rαβ¯ ≥ cδαβ¯ for some positive constant c.
Then M is compact with finite fundamental group.
Proof. We consider the D-homothetic transformation θ˜ = λθ for some positive
constant λ. At this time, (M,HM, Jb, θ˜) is also a Sasakian manifold. Moreover
Lemma 2.7 yields that its pseudo-Hermitian Ricci curvature R˜αβ¯ = λ
−1Rαβ¯ .
Hence by (2.13), its Riemannian Ricci curvature R˜ic
θ
is
R˜ic
θ
αβ¯ = λ
−1Rαβ¯ − 2δαβ¯ ≥ (cλ−1 − 2)δαβ¯,
R˜ic
θ
αβ = R˜ic
θ
α0 = 0, and R˜ic
θ
00 = 2n.
By choosing sufficiently small λ, the Riemannian Ricci curvature will be positive
definite. Thus this lemma follows from Myers’ Theorem.
Theorem 4.9. Let (M,HM, Jb, θ) be a complete Sasakian manifold with con-
stant positive pseudo-Hermitian scalar curvature, positive CR Yamabe constant
and the dimension 2n+ 1 ≥ 5. Assume that for any σ ≥ 2,∫
Br
|E|σθ ∧ (dθ)n = o(r2), as r →∞, (4.15)
and
1√
2
||C||Ln+1(M) + ||E||Ln+1(M) < Cnσ
√
(n+ 1)(n+ 2)
2n2 + 4n+ 3
λ(M) (4.16)
where
Cnσ =

2nσ − 2n+ 2
(n+ 1)σ2
, for n = 2 or 3, σ ≥ 2,
2
n+ 1
, for n ≥ 4, 2 ≤ σ < n− 1,
2nσ − 2n+ 2
(n+ 1)σ2
, for n ≥ 4, σ ≥ n− 1.
Then M is compact.
Proof. We prove it by contradiction. Suppose that M is noncompact. Let κ be
a sufficiently small positive number such that
||b(x)||Ln+1(M) ≤
√
2n2 + 4n+ 3
(n+ 1)(n+ 2)
(
1√
2
||C||Ln+1(M) + ||E||Ln+1(M)
)
< (Cnσ − κ)λ(M). (4.17)
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We choose some proper 0 < ǫ < σ + 1
n
− 1 and δ > 0 such that the coefficient
C˜δ,ǫ = Cnσ−κ in (3.9). Moreover, the inequality− 2ρn+1+C˜δ,ǫρ ≤ 0 is always true.
Hence on account of (4.10) and the initial assumption that M is noncompact,
Corollary 3.3 yields that E ≡ 0 and then Rλµ¯ = ρn . But since ρ is positive,
Lemma 4.8 guarantees that M is compact which contradicts with our initial
assumption. Thus M must be compact.
The method in [12] enables us to obtain the pseudo-Einstein property in the
interesting case σ = n+ 1.
Corollary 4.10. Let (M,HM, Jb, θ) be a complete Sasakian manifold with con-
stant positive pseudo-Hermitian scalar curvature, positive CR Yamabe constant
and the dimension 2n+ 1 ≥ 5. Assume that
1√
2
||C||Ln+1(M) + ||E||Ln+1(M) <
2n2 + 2
(n+ 1)
5
2
√
n+ 2
2n2 + 4n+ 3
λ(M). (4.18)
Then (M,HM, Jb, θ) is a compact pseudo-Einstein manifold and the real first
Chern class of the horizontal bundle HM vanishes.
Proof. Since (4.18) implies (4.15) and (4.16) with σ = n+ 1, M is compact by
Theorem 4.9. Hence it suffices to prove that (M,HM, Jb, θ) is pseudo-Einstein.
Integrating (4.9) over M and using the Ho¨lder inequality, we have
||b||Ln+1||E||2Lp −
2ρ
n+ 1
||E||2L2 −
n+ 1
n
||∇b|E|||2L2 ≥ 0. (4.19)
Since the CR Yamabe constant is positive, we can estimate ||E||2Lp by
||E||2Lp ≤ λ(M)−1(bn||∇b|E|||2L2 + ρ||E||2L2)
where p = bn = 2 +
2
n
. Substituting it to (4.19), we find( ||b(x)||Ln+1
λ(M)
− 1
2
)
bn||∇b|E|||2L2 +
( ||b(x)||Ln+1
λ(M)
− 2
n+ 1
)
ρ||E||2L2 ≥ 0.
Hence E = 0 on account of (4.18) and then (M,HM, Jb, θ) is pseudo-Einstein.
From [19], we know that the real first Chern class of the horizontal bundle HM
vanishes. This completes the proof.
By Omori-Yau maximum principle (cf. [27]), we have the following L∞
pinching theorem.
Theorem 4.11. Let (M,HM, Jb, θ) be a complete Sasakian manifold of dimen-
sion 2n + 1 ≥ 5 and with constant positive pseudo-Hermitian scalar curvature
ρ. Assume that
sup
M
(√
2|E|+ |C|
)
<
√
8(n+ 2)
(n+ 1)(2n2 + 4n+ 3)
ρ. (4.20)
Then (M,HM, Jb, θ) is a pseudo-Einstein manifold. In particular, M is com-
pact and the real first Chern class of the horizontal bundle HM vanishes.
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Proof. We prove it by contradiction. Assume that (M,HM, Jb, θ) is not pseudo-
Einstein. Then supM |E|2 is nonzero. The condition (4.20) implies that the
pseudo-Hermitian Ricci curvature is bounded. So is the Riemannian Ricci cur-
vature Ricθ due to the relations (2.13). Hence ifM is noncompact, we can apply
Omori-Yau maximum principle to |E|2; if M is compact, we use the standard
maximum principle. In either case, we can get a sequence {xk} such that
lim
k→+∞
|E|2(xk) = sup
M
|E|2, lim
k→+∞
|∇E| = 0, and lim sup
k→+∞
△|E|2(xk) ≤ 0.
By (4.9) and Eαβ¯,0 = 0, we have
1
2
△|E|2 ≥ |∇E|2 +
(
2ρ
n+ 1
− b(x)
)
|E|2 ≥
(
2ρ
n+ 1
− b(x)
)
|E|2.
Considering it at xk and taking the supremum limit as k → +∞, we discover
lim sup
k→+∞
(
2ρ
n+ 1
− b(x)
)
(xk) ≤ 0
which leads a contradiction with (4.20). We have proved that (M,HM, Jb, θ) is
pseudo-Einstein. The compactness of M is due to Lemma 4.8. Hence by [19],
the real first Chern class of the horizontal bundle HM vanishes. This completes
the proof.
It is known that if a compact Ka¨hler manifold has quasi-positive orthogonal
bisectional curvature and constant scalar curvature, then the Ka¨hler metric is
Ka¨hler-Einstein (cf. [10, 13]). One may prove this result by using the Ricci iden-
tity and the Codazzi equation for the Ricci tensor. For a pseudo-Hermitian man-
ifold, especially a Sasakian manifold, we have the Codazzi type equation (2.8)
and the Ricci identity (2.15) too. These properties for the pseudo-Hermitian
Ricci tensor enable us to derive a similar theorem.
Definition 4.12. A strictly pseudoconvex CR manifold (M,HM, Jb, θ) has
nonnegative orthogonal pseudo-Hermitian sectional curvature if for any point
x ∈M and any X,Y ∈ T1,0Mx with gθ(X,Y ) = 0, we have
gθ
(
R(X,X)Y, Y
) ≥ 0.
If in addition there exists some x0 ∈M such that the above inequality is strict
for any X,Y ∈ T1,0Mx0 , then (M,HM, Jb, θ) is said to have quasi-positive
orthogonal pseudo-Hermitian sectional curvature.
Theorem 4.13. Let (M,HM, Jb, θ) be a compact (2n + 1)-Sasakian manifold
with constant pseudo-Hermitian scalar curvature. Assume that it has quasi-
positive orthogonal pseudo-Hermitian sectional curvature, then (M,HM, Jb, θ)
is a pseudo-Einstein manifold. In particular, the real first Chern class of the
horizontal bundle HM vanishes.
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Proof. Since the pseudo-Hermitian torsion vanishes, we have Rλµ¯,0 = 0 and
Rαβ¯,λ = Rλβ¯,α by (2.8) and (2.10). The constancy of the pseudo-Hermitian
scalar curvature and the Ricci identity (2.15) yield
△b|Rαβ¯ |2 =(Rαβ¯Rα¯β),γγ¯ + (Rαβ¯Rα¯β),γ¯γ
=4Rαβ¯,γRα¯β,γ¯ + 2Rαβ¯,γγ¯Rα¯β + 2Rαβ¯,γ¯γRα¯β
=4Rαβ¯,γRα¯β,γ¯ + 4Rµβ¯Rβα¯Rαµ¯ − 4Rβ¯µαγ¯Rγµ¯Rα¯β .
Since (Rαβ¯) is a Hermitian matrix, we can choose some proper basis {θα} such
that (Rαβ¯) is diagonal at a given point and assume that {λα}nα=1 are the eigen-
values. Then
△b|Rαβ¯ |2 =4Rαβ¯,γRα¯β,γ¯ + 4
∑
α
λ3α − 4
∑
α, β
Rα¯αββ¯λβλα
=4Rαβ¯,γRα¯β,γ¯ + 2
∑
α6=β
Rα¯αββ¯(λα − λβ)2 ≥ 0, (4.21)
due to Rα¯αββ¯ ≥ 0 by assumption. Bony’s maximum principle (Lemma 2.12)
guarantees that |Rαβ¯ | is constant. Hence Rαβ¯,γ = 0 and
∑
α6=β Rα¯αββ¯(λα −
λβ) = 0. The first equation says that the pseudo-Hermitian Ricci curva-
ture is parallel and thus the eigenvalues are constant numbers. But since
Rα¯αββ¯ > 0 at some point, λα = λβ at this point and therefore they are equal. So
(M,HM, Jb, θ) is a pseudo-Einstein manifold. Hence by [19], the real first Chern
class of the horizontal bundle HM vanishes. This completes the proof.
Remark 4.14. This theorem was first generalized to Sasakian case by X. Zhang
in [28]. We recapture it in a simpler way. Moreover all of the results in this
section can be generalized to complete strictly pseudoconvex CR manifolds with
divergence free pseudo-Hermitian torsion, that is Aαβ,β¯ =0, since both the Ricci
formula of pseudo-Hermitian Ricci curvature with Rλµ¯,0 = 0 and the Codazzi
equation still hold in this case.
5 Rigidity Theorems of Sasakian space forms
In this section, we establish some rigidity theorems on complete Sasakian pseudo-
Einstein manifolds. Let (M,HM, Jb, θ) be a Sasakian pseudo-Einstein manifold
with pseudo-Hermitian scalar curvature. Under the assumption, by (2.14), the
Chern-Moser tensor becomes
Cα¯βλµ¯ = Rα¯βλµ¯ − ρ
n(n+ 1)
(δα¯βδλµ¯ + δα¯λδβµ¯). (5.1)
By Lemma 2.6, we know that the pseudo-Hermitian scalar curvature is constant.
Hence (5.1) yields that the Chern-Moser tensor satisfies the Bianchi-type iden-
tity, i.e. Cα¯βλµ¯,γ = Cα¯βγµ¯,λ. Similarly, the equation (2.7) gives Cα¯βλµ¯,0 = 0.
From the Ricci identity (2.16) and (5.1), we derive
Cα¯βγµ¯,λγ¯−Cα¯βγµ¯,γ¯λ = −Cν¯βγµ¯Cα¯νλγ¯ + Cα¯νγµ¯Cν¯βλγ¯ − Cα¯βγν¯Cµ¯νλγ¯ + ρ
n
Cα¯βλµ¯.
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Under these preparations, the sub-Laplacian of |Cα¯βλµ¯|2 is given by
1
2
△b|Cα¯βλµ¯|2 = 2Cα¯βλµ¯,γCαβ¯λ¯µ,γ¯ + Cα¯βλµ¯,γγ¯Cαβ¯λ¯µ + Cα¯βλµ¯,γγ¯Cαβ¯λ¯µ
= 2|Cα¯βλµ¯,γ |2 + Cα¯βγµ¯,λγ¯Cαβ¯λ¯µ + Cα¯βγµ¯,λγ¯Cαβ¯λ¯µ
= 2|Cα¯βλµ¯,γ |2 − 4Cλ¯αµβ¯Cµ¯βγν¯Cγ¯νλα¯ + 2Cβ¯αµλ¯Cα¯νγµ¯Cν¯βλγ¯ +
2ρ
n
|Cα¯βλµ¯|2.
(5.2)
To estimate the second term of the last line, we consider the n2×n2 Hermitian
matrix (D(λα¯)(µβ¯)) with its entry D(λα¯)(µβ¯) = Cλ¯αµβ¯ . Since the Chern-Moser
tensor is traceless, we can use Lemma 4.2 to deduce that∣∣∣∣ ∑
α,β,λ,µ,ν,γ
Cλ¯αµβ¯Cµ¯βγν¯Cγ¯νλα¯
∣∣∣∣ ≤ n2 − 2√
n2(n2 − 1)
∣∣∣∣ ∑
α,β,λ,µ
|Cα¯βλµ¯|2
∣∣∣∣ 32 . (5.3)
For the third term, by considering the Hermitian matrix (H(βλ)(αµ)) with its
entry H(βλ)(αµ) = Cβ¯αµλ¯, we have a similar estimate. By definition, we have
|C|2 = 4
∑
α,β,λ,µ
|Cα¯βλµ¯|2, |∇bC|2 = 8
∑
α,β,λ,µ,γ
|Cα¯βλµ¯,γ |2
where ∇bC is the horizontal part of ∇C. Then (5.2) becomes
1
2
△b|C|2 ≥ |∇bC|2 − 3(n
2 − 2)√
n2(n2 − 1) |C|
3 +
2ρ
n
|C|2. (5.4)
To deal with the first term on the right side of (5.4), we need the following
type of Kato inequality
Lemma 5.1 ([1]). Suppose S, T are tensors having the same symmetry as the
curvature R, and the covariant derivative ∇R of the curvature tensor of the
Einstein metric g respectively. Then there exists δ = δ(m) such that
(1 + δ)
∣∣(S, T )∣∣2 ≤ |S|2|T |2,
where (S, T ) is a 1-form defined by (S, T )(X) =
(
S, T (X)
)
for a tangent vector
X. Moreover if g is Ka¨hler, we can take δ = 4
m+2 . If m = 4, and g is self-dual
or anti self-dual, we can take δ = 23 .
The proof of Lemma 5.1 only involves the algebraic symmetric properties of S
and T , such as first Bianchi identity, second Bianchi identity and antisymmetric
when g is Ka¨hler. In our case, the tensors C and ∇bC have these properties.
Hence we can repeat the proof (m = 2n) and get
n+ 3
n+ 1
|〈C,∇bC〉|2 ≤ |C|2|∇bC|2. (5.5)
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Lemma 5.2. Let (M,HM, Jb, θ) be a Sasakian pseudo-Einstein manifold with
pseudo-Hermitian scalar curvature. Then the Chern-Moser tensor satisfies
1
2
△b|C|2 ≥ |∇bC|2 − ε|C|3 + 2ρ
n
|C|2, on M (5.6)
and
|C|△b|C|+
(
d(x) − 2ρ
n
)
|C|2 − 2
n+ 1
|∇b|C||2 ≥ 0, weakly on M (5.7)
where ε = 3(n
2−2)√
n2(n2−1) and d(x) =
3(n2−2)√
n2(n2−1) |C|.
When the pseudo-Hermitian scalar curvature is zero, we can apply Corollary
3.3 to (5.7) and repeat the proof of Theorem 4.5 to obtain some rigidity theorems
for the Chern-Moser tensor. On account of Lemma 2.5, we have
Theorem 5.3. Let (M,HM, Jb, θ) be a noncompact Sasakian pseudo-Einstein
manifold with zero pseudo-Hermitian scalar curvature, positive CR Yamabe con-
stant and the dimension 2n+ 1 ≥ 5. Assume that for some σ ≥ 2,∫
Br
|C|σθ ∧ (dθ)n = o(r2), as r → +∞, (5.8)
and
||C||Ln+1(M) <
2n2
3(n2 − 2)
√
n− 1
n+ 1
(
σ +
2
n+ 1
− 1
)
σ−2λ(M). (5.9)
Then the Chern-Moser tensor vanishes and (M,HM, Jb, θ) has zero pseudo-
Hermitian sectional curvature. If in addition M is simply connected, then
(M,HM, Jb, θ) is D-homothetic to Heisenberg group.
Combining Theorem 5.3 with Theorem 4.6, we have the following rigidity
theorem which characterizes Heisenberg group.
Theorem 5.4. Let (M,HM, Jb, θ) be a simply connected complete noncompact
Sasakian manifold with zero pseudo-Hermitian scalar curvature, positive CR
Yamabe constant and the dimension 2n+ 1 ≥ 5. Assume that
||C||Ln+1(M) +
√
2||E||Ln+1(M) <
2n2(n2 + n+ 2)
3(n+ 1)3(n2 − 2)
√
n− 1
n+ 1
λ(M).
Then (M,HM, Jb, θ) is D-homothetic to Heisenberg group.
For the negative pseudo-Hermitian scalar curvature, we have a similar result.
Theorem 5.5. Let (M,HM, Jb, θ) be a complete noncompact Sasakian pseudo-
Einstein manifold with negative pseudo-Hermitian scalar curvature, positive CR
Yamabe constant and the dimension 2n+ 1 ≥ 9. Assume that∫
Br
|C|σθ ∧ (dθ)n = o(r2), as r → +∞,
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and
||C||Ln+1(M) <
2n2
3(n2 − 2)
√
n− 1
n+ 1
(
σ +
2
n+ 1
− 1
)
σ−2λ(M)
for some 2 ≤ σ < 12(n+1)
(
n2 +
√
n4 − 4n3 + 4n2). Then the Chern-Moser ten-
sor vanishes and (M,HM, Jb, θ) has constant negative pseudo-Hermitian sec-
tional curvature.
For Riemannian compact Einstein manifolds, the authors in [12, 22] es-
tablished some Lp rigidity theorems to characterize the spheres. For compact
Sasakian pseudo-Einstein manifolds, M. Itoh and H. Satoh [14] gave an Ln+
1
2
gap condition for the Chern-Moser tensor to characterize S2n+1. Note that their
gap condition is not CR conformal invariant. Let’s therefore attempt to find an
Ln+1 rigidity theorem for compact Sasakian pseudo-Einstein manifolds.
Theorem 5.6. Let (M,HM, Jb, θ) be a compact Sasakian pseudo-Einstein man-
ifold with positive pseudo-Hermitian scalar curvature, positive CR Yamabe con-
stant and the dimension 2n+ 1 ≥ 5. Assume that
||C||Ln+1(M) < C1λ(M), (5.10)
where
C1 =

5
9
√
3
, for n = 2,
9
√
2
56
, for n = 3,
2
√
n2 − 1
3(n2 − 2) . for n ≥ 4.
Then C ≡ 0 which means that (M,HM, Jb, θ) has constant positive pseudo-
Hermitian sectional curvature. Furthermore, if M is simply connected, then
(M,HM, Jb, θ) is D-homothetic to S
2n+1.
Proof. By integrating (5.6) overM and using (5.5) and the divergence theorem,
we get
n+ 3
n+ 1
||∇b|C|||2L2 +
2ρ
n
||C||2L2 ≤ ε||C||3L3 . (5.11)
Moreover, by the Ho¨lder inequality and the assumption of positive CR Yamabe
constant,
||C||3L3 ≤ ||C||Ln+1 ||C||2
L
2n+2
n
≤ ||C||Ln+1
λ(M)
(
2n+ 2
n
||∇b|C|||2L2 + ρ||C||2L2
)
.
Substituting the above inequality into (5.11), we have(2ε(n+ 1)
nλ(M)
||C||Ln+1 −
n+ 3
n+ 1
)||∇b|C|||2L2 + ( ελ(M) ||C||Ln+1 − 2n)ρ||C||2L2 ≥ 0.
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Combining with (5.10), we conclude that C ≡ 0 and then (M,HM, Jb, θ) has
constant positive pseudo-Hermitian sectional curvature. The rest part of this
theorem is due to Lemma 2.5.
Combining Theorem 5.6 with Corollary 4.10, we have
Corollary 5.7. Let (M,HM, Jb, θ) be a simply-connected complete Sasakian
manifold with constant positive pseudo-Hermitian scalar curvature, positive CR
Yamabe constant and the dimension 2n+ 1 ≥ 5. Assume that
||C||Ln+1(M) +
√
2 ||E||Ln+1(M) < C1λ(M),
where C1 is defined as Theorem 5.6. Then (M,HM, Jb, θ) is D-homothetic to
S2n+1.
A direct consequence of (5.6) and the maximum principle is the following
L∞ pinching theorem.
Theorem 5.8. Let (M,HM, Jb, θ) be a compact Sasakian pseudo-Einstein man-
ifold of dimension 2n+ 1 ≥ 5 and with positive pseudo-Hermitian scalar curva-
ture. Assume that
sup
M
|C| < 2
√
n2 − 1
3(n2 − 2) ρ.
Then C ≡ 0 and (M,HM, Jb, θ) has constant positive pseudo-Hermitian sec-
tional curvature. Furthermore, if M is simply connected, then (M,HM, Jb, θ)
is D-homothetic to S2n+1.
A direct calculation shows that
2
√
n2 − 1
3(n2 − 2) ≤
√
8(n+ 2)
(n+ 1)(2n2 + 4n+ 3)
for n ≥ 2. Consequently, we get from Theorem 5.8 and Theorem 4.11 that
Corollary 5.9. Let (M,HM, Jb, θ) be a simply connected Sasakian manifold
of dimension 2n + 1 ≥ 5 and with constant positive pseudo-Hermitian scalar
curvature. Assume that
sup
M
(|C|+√2|E|) < 2√n2 − 1
3(n2 − 2) ρ.
Then (M,HM, Jb, θ) is D-homothetic to S
2n+1.
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